Abstract. Let B n be the braid group on n 4 strands. We prove that B n modulo its center is co-Hop an. We then show that any injective endomorphism of B n is geometric in the sense that it is induced by a homeomorphism of a punctured disk. We further prove that any injection from B n to B n+1 is geometric for n 7. Additionally, we obtain analogous results for mapping class groups of punctured spheres. The methods use Thurston's theory of surface homeomorphisms and build upon work of Ivanov and McCarthy.
Introduction
We use Thurston's theory of surface homeomorphisms to characterize certain injections of braid groups. The braid group on n strands is the group of isotopy classes of orientation preserving homeomorphisms of the n-times punctured disk D n which are the identity on the boundary: B n = 0 (Homeo + (D n ; @D n )) B n is generated by half-twists; each such generator is a homeomorphism H a of D n which switches two punctures along an arc a (see Section 3) . A group is co-Hop an if every injective endomorphism is an isomorphism. We see that B n is not co-Hop an: any map which takes each half-twist H a to the product H a z t (where z generates the center Z of B n and t is xed nonzero integer) is injective, but not surjective.
Main Theorem 1. B n =Z is co-Hop an for n 4, and any injective endomorphism of B n =Z is induced by a homeomorphism of D n .
Moreover, any injection : B n ! B n is induced by a homeomorphism h : D n ! D n in the following sense: there is an integer t such that for each half-twist H a , we have (H a ) = H 1 h(a) z t Note that B 3 =Z = PSL 2 (Z) is not co-Hop an. Crisp and Paoluzzi have recently established the co-Hop an property for B 4 =Z, by showing that it has an essentially unique CAT(0) structure 7] . Braid groups are Hop an|every surjective endomorphism is an isomorphism: Bigelow and Krammer showed that braid groups are linear 1] 20]; and by well-known results of Mal'cev, nitely generated linear groups are residually nite, and residually nite groups are Hop an.
Lin has shown that for k < n 6 = 4, any homomorphism from B n to B k has cyclic image 21]. We characterize injections of B n into B n+1 :
Main Theorem 2. For n 7, any injection : B n ! B n+1 is induced by an embedding h : D n ! D n+1 in the following sense: there are integers s and t such that for each half-twist H a , we have (H a ) = H 1 h(a) T s A z t where T A denotes the Dehn twist about the curve A = h(@D n ).
To prove this theorem, we introduce the arc triple complex A 3 (D n ) (refer to Section 8) and prove that this complex is connected for n 7.
The theorem is also true in the cases of n 2 f4; 5; 6g (see the remark at the end of Section 6). In both theorems, the exponents on H h(a) re ect whether or not h is orientation preserving. We think of z t and T s A z t as constant terms. The mapping class group of a surface S is de ned as:
Mod(S) = 0 (Homeo + (S)) Because of the close connection between braid groups and mapping class groups of punctured spheres, we also have: Theorem 1.1. If S is a sphere with n 5 punctures, then Mod(S) is co-Hop an. If n 7, there are no injections Mod(S) ! Mod(S 0 ), where S 0 is a sphere with n + 1 punctures.
The results of this paper can be used to recover the classical theorems that Out(B n ) = Z 2 and Out(Mod(S)) = Z 2 (for S a punctured sphere). The reader should contrast the above theorem with Main Theorem 2, where there do exist injections between di erent braid groups. The phenomenon which allows us to promote algebraic embeddings to topological ones is the fact that all algebraic braid relations between half-twists look topologically the same (Lemma 4.9).
BRAID GROUPS AND THE CO-HOPFIAN PROPERTY
Outline. Section 2 gives a complete description of all injective endomorphisms of B n , assuming that B n =Z is co-Hop an. In Section 3 we give de nitions and basic constructions used in the proof of the main theorems. Section 4 explores the interplay between the algebra and topology of half-twists in B n . Section 5 encompasses the three main steps of the proof that B n =Z is co-Hop an (Main Theorem 1):
Step 1: Any injection is almost half-twist preserving: it takes some power of any half-twist to a power of a half-twist
Step 2: The injection is actually half-twist preserving
Step 3: The injection is induced by a homeomorphism of a punctured disk
In Section 6, we prove the second main theorem using the same strategy. We explain how to translate the main theorems to mapping class groups of punctured spheres in Section 7.
We then de ne the arc k-tuple complex in Section 8 and prove that it is connected (this is used in Section 6). In Section 9 we ask questions relating to this work.
Acknowledgements. The Proof. Let G be a free abelian subgroup of maximal rank containing z.
Then (G) is also of maximal rank, and hence (G) \ Z is nontrivial. 
Background
In this section we introduce ideas from mapping class groups (Thurston theory) and explain their connection to braid groups. Throughout the paper, we use functional notation for words in B n (read right to left).
Curves and arcs. The interior of a simple closed curve in D n is the component of its complement which does not contain the boundary circle of D n . A simple closed curve in D n is nontrivial if it contains more than one puncture, but not all n punctures, in its interior. A 2-curve is a simple closed curve with exactly two punctures in its interior. By an arc in D n , we always mean a simple arc connecting two distinct punctures (its ends). When convenient, we confuse curves and arcs with their isotopy classes. There is a bijection of isotopy classes:
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We use i(a; b) to denote the geometric intersection number of curves a and b.
Dehn twists. A Dehn twist about a curve a is the mapping class (element of Mod(S)) T a whose support is an annular neighborhood of a and whose action on the annular neighborhood is described by Figure 2 . The center of B n is generated by z, the Dehn twist about @D n . a Figure 2 . Dehn twist about a curve a. A multitwist is a product of powers of Dehn twists about disjoint curves.
Braid group modulo its center. The group B n =Z is a mapping class group in its own right:
Half-twists. By a half-twist H a along an arc a, we mean the mapping class with support the interior of a 2-curve, as described in Figure 3 . a a Figure 3 . Half-twist about an arc a. In light of the bijection between 2-curves and arcs, we may refer to a half-twist with respect to either an arc or a 2-curve. Note that H 2 a = T a for a 2-curve a.
Adjacency. Two disjoint arcs in D n are said to be adjacent if they share exactly one end. This is equivalent to the condition that the corresponding 2-curves have geometric intersection number 2 (we also call such 2-curves adjacent). We have a generalization of Fact 3.1 which follows from the de nition above: Lemma 3.3. If f; g] = 1, and C is the canonical reduction system for g, then f(C) = C.
Finally, we give a modi cation of Lemma 10.2 of the paper of Ivanov and McCarthy ( 16] ). This will be used in the proofs of the main theorems. By the rank of a group , denoted rk( ), we mean the maximal rank of a free abelian subgroup.
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Lemma 3.4. Let : ! 0 be an injection. Suppose that rk 0 = rk + R < 1 for some non-negative integer R. Let G < be an abelian subgroup of maximal rank, and let f 2 G. Then rk Z(C 0( (f))) rk Z(C (f)) + R Proof. Let A = (G)\Z(C 0( (f))), and let B = h (G); Z(C 0( (f))) i.
A Note that all of the groups in the above diagram are abelian. We have: (G) C 0( (f)) Thus, we have: rk (G) + rk Z(C 0( (f))) = rk A + rk B rk A + rk 0 = rk A + rk + R = rk A + rk G + R = rk A + rk (G) + R Therefore, rk Z(C 0( (f))) rk A + R. Observe that A Z(C ( ) ( (f))). But this latter group is isomorphic to Z(C (f)). Combined with the previous inequality, this completes the proof.
Relations
We use a double cover argument of Birman and Hilden to draw an analogy between braid groups and mapping class groups of higher genus surfaces.
ROBERT W. BELL AND DAN MARGALIT
Marked points. Let D P be a disk with a set P of n marked points.
There is a natural isomorphism:
where homeomorphisms of D P are required to x P as a set. Double cover. If n is odd, then there is a 2-sheeted branched cover over D P by a surface f D P with genus n 1 2 and one boundary circle (the marked points are the branch points). The covering transformation is an involution switching the two sheets. If n is even, then we take f D P to be a surface with genus n 2 2 and two boundary circles. See Figure 4 .
We note that since we only consider B n for n 4, we have that f D P is either a torus with two boundary circles or it has genus greater than one. In the next theorem, F 2 denotes the free group on two letters. For this lemma, it su ces to note that the condition of adjacency of arcs in D P is equivalent to the lifts of the arcs having intersection number 1.
Remark. Lemmas 
Remark. Lemma 4.9 is an algebraic characterization of geometric intersection number 2 (for 2-curves). Another approach is to apply

B n =Z is co-Hopfian
In this section we prove the rst part of Main Theorem 1, namely, that B n =Z is co-Hop an. Throughout, we assume n 4.
5.1. Almost half-twist preserving. Let be an injective endomorphism of B n =Z. Our rst goal is to show that is almost half-twist preserving; that is, for each half-twist, some power of it is mapped to a power of a half-twist. The following result of Ivanov and McCarthy will be used.
Theorem 5.1 (Ivanov) . Let < Mod(S) be a nite index subgroup consisting of pure elements. If f 2 has canonical reduction system C, then Z(C (f)) = Z c+p
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where c is the number of curves in C and p is the number of pseudo-
This theorem is implicit in lecture notes of Ivanov 14] . For a more recent exposition, refer to the paper of Ivanov Proof. Let a be a 2-curve in D n . Then f = H k a is an element of , and belongs to a maximal rank free abelian subgroup of B n =Z. By Lemma 3.4 and Theorem 5.1, Z(C 0( (f))) has rank at most 1. According to Theorem 5.1, a canonical reduction system for (f) has c circles and p pseudo-Anosov components, where c + p 1. If p = 1, then (f) is pseudo-Anosov, which contradicts the fact that the centralizer of f (and hence of (f)) contains in nite order elements which are not powers of itself. We can't have c = p = 0, for then (f) is a nite order pure mapping class, and is hence the identity. Thus, c = 1 and p = 0. So there is nontrivial simple closed curve a 0 in D n such that (f) = T k 0 a 0 for some k 0 . We now show that a 0 is a 2-curve. Consider a maximal collection of disjoint 2-curves in D n , fa = a 1 ; : : : ; a bn=2c g. The twists fH a i g de ne a basis for a free abelian group of rank bn=2c, all of whose generators are conjugate in B n =Z. As is an injection, f (H k a i )g is a set of bn=2c twists about disjoint curves surrounding the same number of punctures. Thus, all the curves are 2-curves. (Fact 3.1 ). Let S 1 and S 2 be the surfaces obtained by cutting D n along the 2-curve a 0 . If S 1 is the twice-punctured disk (the interior of a 0 ), then S 2 is an annulus with n 2 punctures. Since (H a ) xes a 0 , there are well-de ned reductions f 1 and f 2 of (H a ) to S 1 and S 2 . These reductions must be nite order mapping classes since (H a ) k = T k 0 a 0 . Since S 1 is a twice-punctured disk, f 1 must be a power of a half-twist. To show that f 2 is the identity, we consider a 2-curve b disjoint from a. 
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Proof. Let fa 1 ; : : : ; a n 1 g be a sequence of arcs in D n with the property that a i is adjacent to a i+1 for 1 i n 2 and the arcs are disjoint and do not share ends otherwise.
By Proposition 5.3 and Lemmas 4.8 and 4.9, the arcs f ? (a i )g have the same properties. Since D n fa 1 ; : : : ; a n 1 g is a punctured disk, there are exactly two mapping classes, say h + (orientation preserving) and h (orientation reversing), whose actions on the fa i g agree with that of ? . Here we are using the Alexander Lemma: the extended mapping class group of a disk with xed boundary (and at most one puncture)
is Z 2 . Choose h to be h + if (H a 1 ) is a positive half-twist, and h = h otherwise. Since half twists about the a i generate B n =Z, it follows that is induced by h.
Injections B n ! B n+1
Let : B n ! B n+1 be an injection. We now prove Main Theorem 2| that is geometric. By this we mean that there is an embedding We say that multitwists overlap if any of the curves intersect.
Lemma 6.2. Overlapping multitwists do not commute.
The previous lemma follows from Lemma 3.3, the de nition of canonical reduction system, and the fact that the canonical reduction system for a multitwist is the set of curves in the multitwist (the last fact is due to Birman, Lubotzky, and Assume c = p = 1. Pick a maximal collection of disjoint 2-curves fa = a 1 ; : : : ; a bn=2c g. The (H k a i ) are all conjugate, so they each have one curve a 0 i in their canonical reduction system, and one pseudo-Anosov component. Since they all commute, the a 0 i are disjoint by Lemma 3.3. So the a 0 i must all be 2-curves (using conjugacy). But the pseudoAnosov pieces cannot be in the interior of the a 0 i (there are no pseudoAnosov maps), and they cannot be in the exterior of the a 0 i , because then they all overlap, violating Lemma 6.1. Remark. Using ideas of Chris Leininger, we have completed proofs of Main Theorem 2 for n 2 f4; 5; 6g. For n = 5 and n = 6, we use the connectedness of A 2 (D n ); the key is to consider elements of B n which \realize" the edges of the complex. The case of n = 4 requires more work, since A 2 (D 4 ) is not connected (one can show that it has in nitely many components).
Mapping class groups of spheres
We now explain why the proofs of the main theorems also apply to the case of mapping class groups of spheres (as per Theorem 1.1). Let S be a sphere with n 5 punctures. We rst note that B n 1 =Z is a nite-index subgroup of Mod(S) (the subgroup xing one of the punctures). Let S 0 be either S or a sphere with n + 1 punctures.
To get that any injection : Mod(S) ! Mod(S 0 ) is almost half-twist preserving, we study nite index subgroups < Mod(S) and 0 < Mod(S 0 ), which are the same groups as in the braid case. If S = S 0 , the proofs that is half-twist preserving and that induced by a homeomorphism are the same as for the braid case.
For S 6 = S 0 and n 7, we must note that the arc k-tuple complex for a sphere with n > 2k punctures is connected. H a n 2 ) n 1 is trivial in Mod(S). But this gets mapped to (H a 0 1 H a 0 n 2 ) n 1 , which is a nontrivial twist. This is a contradiction, so there are no injections Mod(S) ! Mod(S 0 ).
Arc k-tuple complex
We de ne the following complex A k (D n ) for k 2 and n 2k:
Vertices. k-tuples of disjoint arcs in D n (all 2k ends distinct) Edges. Pairs of k-tuples sharing a (k 1)-tuple
In Section 6, we use the fact that the arc triple complex (k = 3) is connected for n 7. It is not hard to see that A k (D n ) is not connected for n = 2k.
We think of D n as a disk in R 2 with n points removed along a line.
This allows us to speak of the closest puncture(s) to a given puncture. A straight arc is a linear arc (whose ends are necessarily neighboring punctures). Proof. Choose a base vertex V of A k (D n ), all of whose arcs are straight, and let A be any other vertex. Assuming A has at least one non-straight arc, we will show there is a path from A to a vertex which has one more straight arc than A. By induction, this implies that A is connected to a vertex consisting only of straight arcs, and it is clear that any such arc is connected to V . Because n > 2k, we can choose a puncture p which is not an end of any arc in A and which is closest to the set of ends of the non-straight arcs of A; let q be one of these ends closest to p. Potentially, there are straight arcs of A between p and q. We shu e these straight arcs as follows (refer to the right side of Figure 
Questions
The results of this paper suggest a variety of directions for further study.
Question 1. Is every injection of B n into B m geometric?
In general, injections are more complicated than in our main theorems. For example, consider the following two injections of B n into B 2n :
cabling: half twists are sent to elements switching pairs of punctures (see Figure 6 is not a 2-curve, but a 2k-curve (k as above). In this case, H h i (a) is a generalized half-twist, as in Figure 6 . Note that both of the above examples of injections (cabling and doubling) are strictly geometric in this sense. Actually, a strictly geometric injection can be augmented to an injection (still deserving of the name geometric) by adding appropriately de ned \constant terms", as in our main theorems. An example of a constant term is a product of twists about disjoint curves which are themselves disjoint from the h i (D n ).
Braiding braids. Nested embeddings of disks give rise to even more interesting strictly geometric injections. For instance, an injection of B n into B n 2 is given by including n copies of B n into B n 2 , and also braiding the n copies. For an appropriate de nition of geometric injection, we have:
